A Lie algebra L(E) can be associated with each n o n l i n e a r f i l t e r i n g problem, and t h e r e a l i z a b i l i t y o f L(E) or quotients of L (Z) with v e c t o r f i e l d s on a f i n i t e dimensional manifold i s r e l a t e d t o t h e e x i s t e n c e o f f i n i t e d i m e n s i o n a l r e c u r s i v e f i l t e r s . I n t h i s paper the structure and r e a l i z a b i l i t y p r o p e r t i e s o f L(E) are analyzed for several interesting classes of problems. It i s shown t h a t , f o r c e r t a i n n o n l i n e a r f i l t e r i n g problems, L(E) i s given by the Weyl algebra
I. Introduction
This paper i s concerned w i t h the problem o f r e c u r s i v e l y f i l t e r i n g t h e s t a t e xt o f a nonlinear stochastic system, given the past observations zt = Czsy O z s l t ) . The systems we consider satisfy the I t o s t o c h a s t i c d i f f e r e n t i a l e q u a t i o n s dxt = f ( x t ) d t + G( xt)dwt dzt = h(xt)dt+R:dvt (x) where x E Rn, w E Rm, ZE R' , w and v are independent unit variance Wiener processes, and R> 0. The optimal (minimum-variance) estimate o f xt i s o f course the conditional mean it = E[xt I z ] -(also denoted o r A t
E [x,]).
Aside f r o m the linear-Gaussian case i n which the Kalman f i l t e r i s optimal, there are very f e w known cases i n which the conditional mean, o r indeed a s t a t i s t i c of the conditional distribution, can be computed w i t h a f i n i t e dimensional recursive f i l t e r ( a n u d e r of these are sunmarired i n 111). More t precisely,, a f i n i t e dimensional r e c u r s i i e f i l t e r i s a stochastic differential equation driven by the observations of the form where q evolves on a f i n i t e dimensional manifold and This research was supported i n part by the National Science Foundation under Grant ENG 76-11106 and i n p a r t by the Joint Services Electronics
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The University of Texas a t A u s t i n Austin, Texas 78712 a and { b i l a r e s u f f i c i e n t l y smooth to insure existence and uniqueness (these conditions w i l l be strengthened l a t e
r ) . The c o n d i t i o n a l s t a t i s t i c E [ c ( x t ) I z t ] i s s a i d
t o be f i n i t e d i m e n s i o n a l l y computable ( F k ) i f i t can be canputed "pointwise" as a f u n c t i o n o f t h e s t a t e o f a f i n i t e dimensional recursive filter:
As a practical matter, i t i s a l s o u s e f u l t o r e q u i r e t h a t t h e combined estimator (1)-(2) y i e l d a s t a t i s t i c e ( x t ) which i s a continuous function of z; we w i l l c m n t on t h i s l a t e r i n t h i s s e c t i o n . 
where zi and hi are the ith components o f z and h, P i = l i s the forward diffusion operator, and p(t,x) i s r e l a t e d to the conditional density p(t,x) of xt given z t by
N o t i c e t h a t ( 3 ) i s a b i l i n e a r d i f f e r e n t i a l e q u a t i o n 171 some i n i t i a l d e n s i t y , some s t a t i s t i c of the conditional i n p, w i t h z considered as the input. Suppose t h a t , f o r d i s t r i b u t i o n o f xt given z t can be c a l c u l a t e d w i t h a f i n i t e dimensional recursive estimator of the form (1)-(2), where a. bi , and y are analytic. O f course, t h i s s t a t i s t i c can also be obtained f r o m p(t,x) by For t h e r e s t o f t h e developnent, it i s more convenient t o w r i t e (1) and (3) in Fisk-Stratonovich form (so t h a t they obey the ordinary rules of calculus and so t h a t L i e algebraic calculations involving differential operators can be D e r f o m d as usual):
The two system (7), (2) and (8),(6) are thus two representations of the s a mapping f m "input" functions z to "outputs" c^(xt): (8),(6) v i a a b i l i n e a r i n f i n i t e dimensional state equation, and (7),(2) via a n o n l i n e a r f i n i t e dimensional state equation. Motivated by t h e r e s u l t s of [81,[9] f o r f i n i t e dimensional s t a t e equations, the major observation However, i t c l e a r t h a t t h e r e i s a strong relationship between the structure of L(C) and t h e e x i s t e n c e o f f i n i t e dimensional f i l t e r s . I n t h i s paper, we discuss the p r o p e r t i e s o f L ( Z ) f o r some i n t e r e s t i n g c l a s s e s o f examples. These Lie algebraic calculations give some new insights into certain nonlinear estimation problems and some guidance i n the search for finite dimensional estimators.
I f L(C) i s f i n i t e dimensional ( t h i s seems t o occur o n l y i n v e r y s p e c i a l cases [5] , [10] ), a f i n i t e dimenintegrating the Lie algebra representation. Indeed, i f sional estimator can i n some cases be constructed by L(C) o r any o f i t s q u o t i e n t s i s f i n i t e d i m e n s i o n a l , then by Ado's Theorem [11,p. 2021 t h i s L i e a l g e b r a has a f a i t h f u l f i n i t e dimensional representation; thus it can be r e a l i z e d w i t h l i n e a r v e c t o r f i e l d s on a f i n i t e dimensional manifold, resulting i n a b i l i n e a r f i l t e r (see, e.g., [I21 and [ I 6 1 f o r e x a m p l e m e v e r , a c t u a l l y computing the mapping from p(t,x) to c^(xt) ( i . e . ,
d e c i d i n g w h i c h s t a t i s t i c t h e f i l t e r computes) i s a d i f f i c u l t problem f r o m t h i s p o i n t o f view; one must so f a r use other, more d i r e c t , methods t o a c t u a l l y construct this mapping o r t o d e r i v e t h e f i l t e r f o r a p a r t i c u l a r c o n d i t i o n a l s t a t i s t i c ( s e e , e.g., [14!-[!7!). On the other hand, i f L ( X ) o r i t s q u o t i e n t s a r e i n f i n i t e dimensional, i t i s s t i l l p o s s i b l e t h a t t h e s e
Li ealgebras can be r e a l i z e d by nonlinear vector fields on a f i n i t e dimensional manifold. Conditions under which we show i n Section I 1 t h a t t h i s i s not possible for t h i s can be done i s an unsolved problem i n general; certain classes of Lie algebras.
However, t o see t h a t two v e c t o r f i e l d s on a f i n i t e dimensional manifold can generate an i n f i n i t e dimensional Lie algebra, consider . . ,e which a l l c m u t e w i t h each other (these are just multiplication operators). Thus bl , ..., b also comnute, and t h e r e s u l t s of I181 imply t h a t t h e f i l t e r ( 7 ) r e p r e s e n t s a continuous map ( i n t h e C and L topologies) from the space o f " i n p u t s " Z t o the solutions q. Hence, the estimator (7), (2) gives a continuous map from z t o c ( x t ) ; t h i s i s a very Useful p r o p e r t y , i n d i c a t i n g t h e " r o b u s t n e s s " o f t h e f i l t e r ( s e e also [191, [20] ). Brockett and Clark [13] used t h i s approach t o s t u d y t h e e s t i m a t i o n o f a f i n i t e s t a t e Markov process observed i n a d d i t i v e Brownian motion; the Lie algebraic approach l e d t o t h e d i s c o v e r y o f new low dimensional f i l t e r s f o r the conditional distribution, even i n some cases when the number o f s t a t e s i s a r b i t r a r i l y l a r g e . I n [Z], the analyzed f o r t h e problem i n which f and h are linear and
I f a s t a t i s t i c ? ( x t ) i s f i n i t e d i m e n s i o n a l l y computable, the Lie algebraic approach gives some i n s i g h t i n t o t h e c o n t i n u i t y o f t h e e s t i m a t o r . S i n c
Lie ajgebraic approach i s e x p l i c i t l y c a r r i e d o u t and G i s constant. I n t h a t case, the Lie algebra L(C) o f the Zakai equation i s f i n i t e dimensional and the unnormalized conditional density can i n f a c t be computed w i t h a f i n i t e dimensional estimator, the Kalman f i l t e r . For t h i s example, the Lie algebra L(C) i s i n f i n i t e dimensional but has many f i n i t e dimensional quotients (the Lie algebras of the finite dimensional f i l t e r s ) , and these are analyzed i n d e t a i l i n [ Z l ] .
These l a s t two examples , as well as the example o f Benes
[17], are special cases of the class considered in Section 111.
I n Section 11, we consider estimation problems f o r which L(C) i s t h e Weyl algebra Wn.
A number o f examples are given and useful properties of the Weyl algebra are derived; some o f these results have been obtained independently by M i t t e r [ 5 ] .
The major results of Section I 1 a r e t h a t n e i t h e r Wn nor any q u o t i e n t o f Wn can be realized by v e c t o r f i e l d s w i t h e i t h e r Cm o r formal power series coefficients on a f i n i t e dimensional manifold; this shows t h a t f o r t h e s e problems, no s t a t i s t i c o f t h e c o n d i t i o n a l d e n s i t y can be computed w i t h a f i n i t e dimensional recursive filter.
Most o f t h e r e s u l t s i n t h i s paper w i l l be stated without proof; for the proofs, see [27] . 
i n i t e d i m e n s i o n a l l y computable o r no s t a t i s t i c a t a l l theorems complete t h e argument by showing t h a t i n fact i s f i n i t e dimensionally computable.
The next two neither W, n o r i t s q u o t i e n t s c a n be r e a l i z e d by vector f i e l d s p a f i n i t e dimensional manifold. 
o f t h e r e s u l t s o f [ 2 ] , [ 8 ] ) t h a t i f a system C has
estimation algebra L(C) =W, f o r some n, then neither the conditional density of xt given zt nor any nonzero w i t h a f i n i t e dimensional f i l t e r o f the form (7r w i t h s t a t i s t i c o f the conditional density can be corn uted a and {bi} C" o r a n a l y t i c .
We w i l l give several examples o f such systems, b u t f i r s t we present a general method f o r showing t h a t L(C) =Wn, the proof of which i s s i m i l a r t o t h a t o f [ 2 4 ] f o r Poisson brackets. Theorem 4: The Lie algebra Wn i s generated by the elements

A A a i = l These r e s u l t s show (assuming the appropriate analog for showing t h a t L(C) =Wn f o r a p a r t i c u l a r e s t i m a t i o n Theorem 4 provides a r e l a t i v e l y s y s t e m a t i c method problem: one need only show t h a t by taking repeated
Lie brackets of L -7 I: hi and {hi), the generating elements o f Wn given i n Theorem 4 are obtained. Notice t h a t i f n=1, the generating elements are x, % , and x' &. Some i n t e r e s t i n g examples are the following. A f e w more calculations w i l l complete the demonstration: 
This example i s i n t h e c l a s s s t u d i e d i n [26], for which the ideas of [2] are made rigorous. Thus we have i n f a c t shown t h a t no c o n d i t i o n a l s t a t i s t i c i s f i n i t e d i m e n s i o n
groups [28]. N o t i c e t h a t ( a ) i m p l i e s t h a t t h e r e i s an The terminology i s analogous t o t h a t o f p r o -f i n i t e
injection from L to 8 L/Li. I n t h e c o n t e x t o f t h e estimation problem, t h i s would correspond t o L(E) having an i n f i n i t e number o f f i n i t e dimensional quotients; i f each o f these can be r e a l i z e d w i t h a o f t h e map makes i t reasonable to conjecture that these r e c u r s i v e l y f i l t e r a b l e s t a t i s t i c , t h e n t h e i n j e c t i v i t y expansion o f t h e c o n d i t i o n a l d e n s i t y . O f course, i n s t a t i s t i c s r e p r e s e n t some t y p e o f power series addition to those discussed in Section I, other d i f f i c u l t t e c h n i c a l q u e s t i o n s such as moment determinacy w i l l also be relevant here, but the structure of the Lie algebra should provide some guidance as to possible successful approaches t o t h e problem and some i n s i g h t i n t o t h e s t r u c t u r e o f t h e resulting approximations. can also be computed r e c u r s i v e l y w i t h f i n i t e dimensional f i l t e r s . L(C) i s generated by a basis for L!E)"is given by eo and a' a " a' ; i=0,1,2,. . .}. Defining Li t o be -i the ideal generated by x + y i=0,1,2,..,, i t i s easy aY t o see t h a t L ( x ) i s a p r o -f i n i t e dimensional f i l t e r e d Lie algebra, and r e a l i z a t i o n s o f t h e L ( C ) / L i i n terms o f r e c u r s i v e l y f i l t e r a b l e s t a t i s t i c s a r e g i v e n i n In addition, L(L) is solvable [21] .
A s i m i l a r a n a l y s i s f o r systems o f t h e form of Example 5, w i t h xt replaced by a general monomial x: 2 has also been done [ 3 1 ] ; f o r p > 2 . a s i m i l a r b u t more complex L i e a l g e b r a i c s t r u c t u r e i s e x h i b i t e d . I t i s i n t e r e s t i n g t o compare Example 5 w i t h Example 4, which i s the same except for the additional observation dzet = ytdt +dv2t; i n t h a t case L(E) =We, so t h a t no c o n d i t i o n a l s t a t i s t i c can be computed exactly with a f i n i t e dimensional f i l t e r . However, it i s probable that, -due to the additional observation, a subo timal approximate f i l t e r (such as the Extended K a h r ) for the conditional mean o f yt w i l l r e s u l t i n l o w e r mean-square error than the optimal filter which computes jt i n Example 5. Thus some care must be taken i n i n t e r p r e t i n g t h e L i e a l g e b r a i c s t r u c t u r e o f a nonlinear estimation problem; t h i s s t r u c t u r e has d i r e c t implications on the exact computation o f c o n d i t i o n a l s t a t i s t i c s , b u t i t s i m p l i c a t i o n s f o r approximate f i l t e r i n g remains t o be investigated. Example 6 (degree increasing operators and b i l i n e a r systems): Consider a system o f t h e form (E), and suppose t h a t f, G, and h a r e a n a l y t i c w i t h f ( 0) = 0 and G(0) = 0, so t h a t t h e power series expansions o f f and Since many systems can be well approximated by b i l i n e a r ones, these results may have important implications for approximate nonlinear filtering. We c l o s e t h i s s e c t i o n w i t h two i n t e r e s t i n g examples o f t h i s c l a s s ; t h e f i r s t i s a b i l i n e a r system o f t h e f o r m (12), but i n which some elements o f A are also unknown and must be estimated. The second i s an angle modulation problem.
Example 7 ( b i l i n e a r system w i t h unknown parameter):
The simplest example o f t h i s t y p e i s 
